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Effects of Boundary Conditions on the Free Vibrations
of Circular Cylindrical Shells

Tatsuzo Koga*
University of Tsukuba, Tsukuba Science City, Japan

A simple formula for the natural frequency is derived as an asymptotic solution for the eigenvalue problems
of the breathing type of free vibrations of a circular cylindrical shell. It is applicable under any possible
combinations of the boundary conditions for the simply supported, the clamped, and the free ends. A
characteristic value involved in the formula depends on the combination of three representative boundary
conditions SR(w = u = 0), SF(w =N = 0), and FR(N = S = 0), indicating that the free vibration characteris-
tics depend on whether an end is free or supported and whether the supported end is allowed or not to move
freely in the axial direction. The accuracy of the formula is examined by a comparison with numerical solutions
and experimental results.

Introduction

I T is widely accepted nowadays that the free vibration
characteristics of circular cylindrical shells are affected by

the boundary conditions, most significantly by those con-
straining the axial displacement. Arnold and War burton1'2
made a systematic attempt to clarify the effects of the
boundary conditions by calculating approximate solutions
under various boundary conditions of practical interest and by
conducting an experiment. The importance of the boundary
conditions imposed on the in-plane displacements and forces
was first noted by Heki3 in his memorable but unduely
overlooked paper. The significance of the effect of the
constraint on the axial displacement became more convincing
after an extensive numerical analysis by Forsberg.4'5 In
principle, there exist 16 different sets of boundary conditions
at an end. Forsberg calculated accurate numerical solutions
for Flugge's equations in all possible cases of combinations of
these sets and presented the results in 10 representative cases.
One of the most important conclusions from his analysis on
the breathing vibrations (n > 2) is that the effect of the
constraint on the axial displacement is significant even for a
long shell for all values of the thickness-to-radius ratio. As for
the axisymmetric (n = 0) and the beam-like bending (n =• 1)
vibrations, the vibration characteristics are governed primarily
by the membrane characteristics and strongly affected by the
boundary conditions imposed on the circumferential as well as
axial displacements and forces. A complete list of literature on
the subject is given in a comprehensive survey by. Leissa.6

In the present paper, a proof is given theoretically for the
effect of the boundary conditions on the breathing vibrations.
Asymptotic solutions are obtained for the eigenvalues assum-
ing that the vibrations are nearly inextensional with the
natural frequencies as low as those of the inextensional
vibrations obtained by Rayleigh. Nine different sets of
boundary conditions are considered, which include four
variations for each of the simply supported and the clamped
ends and one set for the free ends. The characteristic equations
are derived for all 45 possible combinations of these nine sets
of boundary conditions between the two ends. Only five
different types of the characteristic equations result. An
examination of the boundary conditions of each type reveals

that there exist three sets of representative boundary condi-
tions that determine the vibration characteristics. These
representative boundary conditions clearly show that the
vibration characteristics depend on whether an end is free or
supported and whether the supported end is free or restrained
in the axial direction. The asymptotic solutions also yield a
simple formula for the natural frequency, whose accuracy is
examined by a numerical comparison with accurate numerical
solutions available and by an experiment conducted specifi-
cally for this purpose. The governing equations and the
solution technique follow the developments in the author's
previous paper7 dealing with the inextensional vibrations, and
the conclusion of this paper applies for all the breathing
vibrations inclusive of the inextensional vibrations .

Governing Equations and
Fundamental Assumptions

Let the radius, the thickness, and the length of a circular
cylindrical shell be denoted by R, h , and 2L , respectively. The
shell is assumed to be made of an elastic material with Young's
modulus £", Poisson's ratio v, and the mass per unit volume p.
The time is denoted by /. The axial coordinate x and the
circumferential coordinate 0 are set on the midsurface of the
shell such that -L^x^L and 0 g 0 S 2?r. The displacement
components in the axial, circumferential, and lateral direc-
tions are denoted by ux, uQy and wzt respectively, wz being
positive for outward normal to the midsurface. The axial
stress resultant and moment and the lateral and tangential
components of the equivalent edge-shear are denoted by NX9.
Mxr Qx, and S ,̂ respectively. Nondimensional quantities and
operators are defined as follows:

V = Ue/R
w = wz/R
N=NX/K
M=RMX/D

) ' = d ( )/3y
"
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Budiansky's equations8 for small perturbations of stressed
shells are specialized for the free vibrations of unstressed
circular cylindrical shells. The equations of motion are written
in terms of the displacements, which are then reduced to a
single equation for w eliminating u and v . The result is

where

V8w + 8w" : : -f 2w::: -f (1 -

where d is a small geometric parameter defined by

(1)

(2)

Quantities to be prescribed as boundary conditions are
expressed only in terms of w to yield the following relations:

V 4 w= -vw'" + w"' (3a)

V4t;= -(2 + v)w'"-w'~ (3b)

+ W*> (3c)

"m-"-—vw::- (3d)

= - V4[w '" + (2 -v)w'~] - 3w """ - (2 - ^)w / : : (3e)

" . - (2 -F )6w '— + w"** (3f)

The fundamental solution of Eq. (1) may be written in the
form

w = exp(Xy) cosw0 si (4)

where n is the circumferential wave number, o> is the frequency
parameter, and X is the eigenvalue that determines the modal
characteristics along the generator. It should be noted here
that Eqs. (1) and (3) have been derived under the assumptions

(5)

These are consistent with the fundamental assumptions of
thin-shell theory and valid for highly flexural vibrations. In
the previous paper, the author investigated the inextensional
vibrations having the frequency o)0:

(6)

which is known as Rayleigh's solution.
Let a geometric parameter A be defined and assumed much

smaller than unity:

A = n2/2k2 = 61/2/22/(l -

It follows then that

cog = 0(A2)

(7)

(8)

In the present paper, we shall only be concerned with the free
vibrations at such low frequencies that o>2 is of the same order
of magnitude as cog. It will be assumed, therefore, that

(9)

Eigenvalues
Substitution of Eq. (4) in Eq. (1) yields

X8 + A3\6 + A2\4 + Ai\2 + A0 = 0

= -4n2

Q = n\n2 - I)2 - n2(n2 -f

(lla)

(lib)

(lie)

(lid)

It can be shown that Eq. (10) has a positive and a negative
root for X2, so that the roots for X may be written as

A!, X2=

.Xs, X4 =

X5, X6, X7, X8 = ,

(12a)

(12b)

(12c)

where fi, T/I, ^2, and r/2 are positive real and i = (- 1)1/2.
The root and coefficient relations of Eq. (10) read

— rfy = — Ai/n2 (13a)

-tf)=A2/n4 (13b)

(13c)

(13d)

Approximate solutions of Eqs. (13) are sought for by
expanding £2, ij2, f2, and r?2 in asymptotic series in A such that

tjf= A(r?10- - A27712+ ...)

(14a)

(14b)

(14c)

(14d)

where ^// and % take real values of order-of-magnitude unity.
Substituting Eqs. (14) in Eqs. (13) and comparing terms of

like powers in A on both sides, we obtain from Eqs. (13a-13c)

=

(15a)

(15b)

(10)

A first approximation is achieved by retaining only the
leading terms of the series such that

(16a)

(16b)

where £0
2 = £10-

Consequently, the first approximation solutions for X
become

X3, X4 ,= ±/A1/2rt£o 07b)

X5, X6, X7, X8= ±A-1/2n(l ±/)/V2 (17c)

with errors of order-of-magnitude A. The eigenvalues Xi, X2,
X3, and X4 represent the global solutions that vary gradually
over the entire surface of the shell, whereas X5, X6, X7, and X8
represent the edge-zone solutions that decay out rapidly as the
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distance from the end increases. In matrix notation, we write

(Ai,X2, X3, X4> = A^/ifog- (18a)

(X5, X6, X7, X8) = A-'/2/2* (18b)

where g and e are defined by

gm = [l,(-l)m,im,(-i)m] (19a)

em = {(1 + /)m, (1 - /)",[ - (1 +•/)]«,' [ - (1 - i)]m}/2m/2 (19b)

form = 1, 2, 3, ....
Having obtained the solutions of Eq. (10), we can write the

general solution of Eq. (1) as

j cosnd sinwT (20)

where Wm (m = 1,2,3,..., 8) are arbitrary constants. In matrix
notation, Eq. (20) is written as

w = (1, l)E(y)W cosnO si (21)

where

We =

0, Ee(y

exp(XLy), 0, 0,

0,

0

0

0

(sym)

exp(X^), 0, o,
o,

exp(X7>0,

0

0

0

exp(X&y)(sym)

0 is a 4 x 4 null matrix and ( )T. means the transpose of ( ).
Also obtained from Eqs. (13) is a formula for the natural

frequencies:

- I)2] (22)

with errors of order-of-magnitude A. Equation (22) is identical
with a formula derived by Nau and Simmonds9 by asymptotic
integration for shells with rigidly clamped ends (C1-C1 by our
notation).

Boundary Conditions
Boundary conditions to be considered are those of the

simply supported, the clamped, and the free ends/They are
defined and designated as:
Simply supported ends

S2(w = M = u = S = 0)

S3(w =M = N = v =0)

54(w = M = N = S = 0)

Clamped ends

= w' = u = v = 0)

C2(w = w ' = u = 5 = 0)

C4(w = w ' = JV = S = 0)

Free ends

(23b)

(23c)

(23d)

(23e)

(23f)

(23g)

(23h)

(23i)

Each of the homogeneous equations constituting the
boundary conditions can be expressed in terms of Wm. The
expressions for w = 0 and w' = 0 are readily obtained from
Eq. (21). Those for the remaining equations are obtained from
Eqs. (3): the right-hand members of Eqs. (3) are substituted
from Eq. (21), and the particular solutions for those quantities
on the left-hand side are sought for, neglecting small terms of
order-of-magnitude A. The results are set equal to zero at y = g
and — L Here, only those equations for y - I are presented:

(24a)

(24b)

(24c)

(24d)

(24e)

' = 0: (A£o£, e)E(t)W = 0

w = 0 :

v=0:

M = 0: [AK1-:

Q=0: [A2{0(2-i>Xl-i/«2fr,-«

S = 0:

= 0

(24f)

(24g)

(24h)

The left-hand members of Eqs. (24) have been arranged in
such a manner that the coefficients of the edge-zone solution
part become of order-of-magnitude unity.

Systems of four simultaneous equations are formed from
Eqs. (24) to constitute boundary conditions as specified in
Eqs. (23). If the left-hand members of one equation are
multiplied by an appropriate factor and subtracted by the
corresponding members of another, either the global or
edge-zone solution parts may cancel. The canceled parts do
not vanish identically, but there remain residues of order-of-
magnitude A. Thus, those residual parts may be written in
matrix notation arbitrarily as

AX = (25)

where #/ are in general complex number whose absolute values
are of order-of-magnitude unity, but whose specific values are
indeterminate. Let us take for example a case where the
boundary conditions at y = I contain w = 0 and v = 0. Then,
the system of four equations contains

w = 0 : (1,

v = 0: [A 1, (2 + v)e2]E(t)W = 0

= M = u = v = 0) (23a)
The left-hand members of the first equation are multiplied by
A"1 and subsequently subtracted by those of the second
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equation. Then, the global solution part cancels out leaving a
residue of AJC multiplied by A"1 , 'and the edge-zone solution
part becomes A ~ ll — (2 • +. v)e2 in which — (2 + v)e2 may be
disregarded as a small term of order-of-magnitude A. The
left-hand members of the resulting equation are multiplied by
A to make the coefficient ' of the edge-zone solution part of
order-of-magnitude unity. The equation for w = 0 now reads

= 0:

In similar manner, all of the systems of four simultaneous
equations of the boundary conditions can be reduced to those
involving x. For the sake of space, only those parts of the
coefficient matrices bracketed by ( ) are presented. The
corresponding equations in Eqs. (24) are indicated by the
quantities prescribed as boundary conditions. They are
arranged in a decreasing order of the powers of A in the global
solution parts.

51 M: (A2x,e2)

w: (Ajc, 1)

v: (A-2l,jc)

53 M: (A2JC, e2)

w: (Ajc, 1)

TV: (A-'s2, x)

v: (A-1!, ve*

Cl w': (A2jc, e)

w: (Ajc,l)

u:

v: [A-1!, (2 + j/)^2]

C3 w' : (A£o£, *) C4

w: (Ajc, 1)

N: (^2,-e2)

F/? Q: [A2(2-

M: [AK1-1/«2)1, -

TV:

S2 M: (A2*, e2)

5: (A^3,-*

w: (1,1)

u: (A-1*, 1)

54 M: (A2*, e2)

S: (A£&3,V)

w: (1,1)

N: (A-lg2,x)

€2 w' : (A2*, e)

: (1,1)

u:

5:

w: (1,1)

N: ($g2,-e2)

(26)

Characteristic Equations
There exist 45 possible combinations of the nine different

sets of boundary conditions between the two ends. For each
combination we have a system of eight simultaneous homoge-
neous equations for Wm\ four from Eqs. (26) and four from
the corresponding equations for y = — L The characteristic
equations are derived for all 45 combinations of the sets of
boundary conditions by setting the determinants of the
coefficient matrices equal to zero.

It is seen from Eqs. (26) that the global solution parts of the
first two equations are of higher order of magnitude at least by
A than those of the remaining two. Those higher-order parts
are negligible within errors of order-of-magnitude A in the

calculations of the characteristic determinants of the 8 x 8
coefficient matrices. The characteristic determinants, there-
fore, reduce in general to the form

0,

B2

= \G\\Bl\

where G, B\9 and B2 are 4 x 4 coefficient matrices; G
consisting of the coefficients belonging to the global solution
part and BI and B2 of those belonging to the edge-zone
solution part.

The determinants \Bi\ are calculated from the edge-zone
solution part for all 45 combinations of boundary conditions.
The following four different values result:

= ± 4V2(sin4A:£ ± sin4A:0, 8(cos4A:£ ± cosh4A:0,

2) (27)

where k is a geometric parameter defined in Eq. (7).
Let us assume that the length of the shell is not much

smaller than its diameter so that

"l/nt=O(l)

at most. Then, since

(28)

(29)

none of the right-hand members of Eqs. (27) vanishes. It can
now be concluded that il?il ;*0 and that the characteristic
equations are given by IG I = 0.

The characteristic determinants i G i can be calculated
straightforward from the global solution part for all 45
combinations of boundary conditions. The following observa-
tions may be helpful, however, to have a better understanding
of significant features of the effect of the in-plane boundary
conditions.

It is seen from Eqs. (26) that the coefficient matrices in the
global solution part for w' = 0, M = 0, and Q =0 are of
higher order in A, so that they have no contribution to I G I .
The coefficient matrices in the global solution part for v. - 0,
u =0, and TV = 0 are of lower order in A, indicating that they
have a significant influence on the free vibration characteris-
tics. In particular, those for v — 0 are of order of A ~ 2, lowest
of all, and they have the most significant effect. It should be
noted, however, that v = 0 are always accompanied by w =0.
Furthermore, the coefficient matrices in the global solution
part are characterized by 1 in both v = 0 and w = 0, and they
differ only by the factor A"1. There is no difference,
therefore, in the resulting characteristic equations no matter
which of v= 0 and w = 0 is involved in I G I . Consequently,
we may regard w = 0 as a representative boundary condition
for the supported ends without specifically referring to v = 0.
Other predominant boundary conditions for the supported
ends are u = 0 and TV = 0, which are complementary to each
other and whose coefficient matrices in the global solution
part are characterized by g and g2, respectively. Consequently,
it is sufficient for a supported end to specify either w = u =0
or w = TV = 0 in determining the free vibration characteristics.
We shall refer to the supported end characterized by
w = u = 0 as rigidly supported end to be designated by SR,
and the one characterized by w = T V = 0 as the freely
supported end to be designated by SF.

For SR and SF the coefficient matrices contributing to G are
SR (w = u =0):



NOVEMBER 1988 EFFECTS OF BOUNDARY CONDITIONS ON THE FREE VIBRATIONS 1391

and SF (w = N = 0):

where Eg has been defined in definitions for Eq. (21).
As for the free ends designated by':F/?,'the .coefficient-

matrices in the global solution part for Q = 0 and M = 0 are
of higher order in A, so that they are negligible in the
calculations of the characteristic determinants. Only those for
N = OandS = 0, characterizedbyg2andg3, respectively, will
contribute to G. Consequently, we have

FR (N = S = 0):

The characteristic determinants !G I are calculated for all
possible combinations of'SR-, SF, and FR between y = £ and
- g, and they are set equal to zero to derive the characteristic
equations. It turns out that there are only four different types:

1) Type I: for SR-SR, (FR-FR)

2) Type II: for SR-SF, (SF-FR)

3) Type III: for SF-SF

4) Type IV: for SR-FR

cosh2n£ie cos2n£l£+ 1 =0

(30)

(31)

(32)

(33)

Equations (30-33) are identical in form with those charac-
teristic equations for the free vibrations of a beam whose

characteristic roots are known to be given as

= 4.730, 7.853,-:.. (Type I)

= 3.927, 7.069,... (Type II)

= 7r,27r,... (Type III)

= 1.875,4.694,... (Type IV)

(34)

Since £1 = 0(A1/2), Eqs. (34) imply that the shell must be long
enough so as to be specified by

(35)

It has been shown in the author's previous paper7 that the
inextensional vibrations occur under the boundary conditions
designated here by FR-FR and SF-FR. These boundary
conditions appearing in type I and II are enclosed in
parentheses to indicate that they are applicable for the second
and higher modes. The lowest modes under these boundary
conditions are inextensional. The eigenvalues £1 for the
inextensional vibrations are characterized by £? = 0, which
may be regarded as the characteristic equation of type V.
Then, we have type V: for FR-FR, SF-FR

£? = 0 (36)

The inextensional mode of vibrations can be represented by a
deflection function which is constant or linear in y, if I is
bounded by

?=O(1) (37a)

and
(37b)

When the free vibration characteristics of types I-V are
discussed on a unified basis, we must employ Eq. (35) for the
order-of-magnitude estimation of f and anticipate errors of
order-of-magnitude A1/2.

The characteristic equations and the combinations of the
boundary conditions as well as those of the representative
boundary conditions are summarized in Table 1.

Table 1 Characteristic equations and combinations of boundary conditions

Representative
Characteristic Combinations boundary

Type equations of boundary conditions conditions

51-51, 51-52, 51-C1, 51-C2
f- 1 = 0 52-52, 52-C1, 52-C2, C1-C1

C1-C2, C2-C2, (FR-FR)
SR-SR

51-53, 51-54, 51-C3,51-C4
52-53, 52-54, 52-C3, 52-C4

P = 0 Cl-53, Cl-54, C1-C3, C1-C4
C2-53, C2-54, C2-C3, C2-C4
(FR-SF)

SR-SF

III sin2/if!f=0
53-53, 53-54, 53-C3, 53-C4
54-54, 54-C3, 54-C4, C3-C3
C3-C4, C4-C4

SF-SF

IV cosh2/i f if cos2tt fif + 1 = 0 FR-S1, FR-S2,FR-C1, FR-C2 FR-SR

FR-FR FR-FR
FR-S3, FR-S4, FR-C3, FR-C4 FR-SF
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Fig. 1 Comparison with finite-element method solutions of first
mode (R/h = 400, 2L/R = 4, > = 0.3).

Fig. 2 Comparison with finite-element method solutions of second
mode (R/h = 400, 2L/R = 4, v = 0.3).

Comparison with Numerical
Solutions and Experiment

The accuracy of the approximate solutions obtained in the
preceding sections is examined by comparison with more
accurate numerical solutions calculated by the finite-element
method and with the results of an experiment that was
conducted specifically for this purpose.

Numerical Solutions
A general purpose computer program based on the finite-

element method for shells of revolution was used to calculate
the natural frequencies of a circular cylindrical shell having
R/h =400, 2L/R =4, and j> = 0.3. The computations were
carried out for 10 different combinations of the boundary
conditions; C1-C1, C1-51, and Si-Si for type I; C1-53 and
SI-SI for type II; S3-S3 for type III; FR-Ci and FR^Sl for
type IV; and FR-FR and FR-S3 for type V.

The results of the computations are shown by the curves in
Figs. 1 and 2 together with the plots of the approximate
solutions calculated from Eq. (22). The natural frequencies in
Figs. 1 and 2 are for the first and second modes of vibrations
having no and one circumferential nodal line, respectively.
The approximate solutions for the first modes were calculated
by using the lowest values of £1 given in Eqs. (34), whereas
those for the second modes were calculated by using the
second from the lowest values. A good agreement is observed
in general between the approximate solutions and the numeri-
cal solutions.

Experiment
An experiment was conducted on a seamless aluminum

cylindrical shell having a radius of 33.0 mm and a thickness of
0.155 mm. The length varied in a range from 143 to 80 mm. It
has a mass per unit volume of 3.23 x 103 kg/m3 including the
effect of dry powder spray paint that was painted over the
outer surface of the cylinder to achieve a high optical
reflection. Young's modulus of 69.0 GPa and Poisson's ratio
of 0.3 were used for the calculations of the frequency
narameter QJ.

annular
plate

solder

shell

solder

Type I

^older

annular
plate

-free

shell —

annular
plate -solder

TypelE Type IV
Fig. 3 Cross-sectional view of test specimens for types I-IV.
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Fig. 4 Comparison with experiment, type I (R/h = 213).
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Fig. 6 Comparison with experiment, type III (R/h = 213).
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Fig. 5 Comparison with experiment, type II (R/h = 213).
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2.45 — — a

TYPE T7

0 10
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Fig. 1 Comparison with experiment, type IV (R/h = 213).

As shown in the preceding section, the free vibration
characteristics depend on the representative boundary condi-
tions: SR (w = u = 0), SF (w =-N = 0), and FR (N == S = 0).
To prove this by experiment we must establish in the test
specimens those boundary conditions characterizing SR, SF,
and FR. The boundary conditions w = u = 0 characterizing
SR were established by soldering an end of the cylinder to a
metal block by a low-melting-point metal. The boundary
conditions w — N = 0 characterizing SF may be established by
attaching a flexural thin annular plate at an end section. An
annular plate having an inner radius of 11.0 mm and an outer
radius of 33.0 mm was made from an aluminum sheet of a
thickness of 0.30 mm, which was attached to an end by
adhesive resin. The boundary conditions for FR were estab-

lished naturally by leaving an end completely free. The cross-
sectional view of the setups of the test specimens of types I-IV
is shown in Fig. 3. Details of the experiment on type V
including the setups of the test specimens were presented in
Ref. 7.

The resonant vibrations were detected and their mode
shapes visualized by holographic interferometry. The resonant
frequencies of the first modes measured from the test
specimens of types I-IV are plotted against n in Figs. 4-7,
respectively. The curves in these figures are the theoretical
values calculated with the aid of Eq. (22) taking n as a
continuous variable. A satisfactory agreement is observed
between theory and experiment. The same was observed for
type V in Ref. 7.
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Conclusions
The low natural frequencies of a circular cylindrical shell

can be calculated with the aid of Eq. (22):

6n2(n2-l)2

n2+l 1 + (1-1
6(n2 - I)2

The formula is simple but accurate enough for engineering
purpose. It is applicable under any possible combinations of
the boundary conditions for the simply supported, the
clamped, and the free ends, if use is made of the roots of
the characteristic equations for ̂  according to the classifica-
tion of Table 1. These characteristic values depend on the
combinations of the representative boundary conditions:
SR (w = u' = 0), SF(w =N = 0), and FR (N = 5 = 0). It may
be stated, therefore, that the free vibration characteristics of a
circular cylindrical shell depend on whether an end is free or
supported, and whether the supported end is allowed to move
freely in the axial direction.

The present approximation for types I-IV is valid under the
assumptions A < 1 and \-Jnl = O(A1/2) with errors of order-of-
magnitude A. If the inextensional vibrations are dealt with
inclusively as belonging to type V, we must assume Al/2 < 1 and
anticipate errors of order-of-magnitude A!/V A com-
parison with the accurate numerical solutions and experimen-
tal results obtained in the present paper as well as those
available in various literature indicates that the present
approximation is most likely to be valid in a range of
Z = (1 - v2)y2(2L/R)2(R/h) > 200.
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